Abstract. Let M be a compact Riemannian manifold without boundary and let H be a self-adjoint generalized Laplace operator acting on sections in a bundle over M. We give a path integral formula for the solution to the corresponding heat equation. This is based on approximating path space by finite dimensional spaces of geodesic polygons. We also show a uniform convergence result for the heat kernels. This yields a simple and natural proof for the Hess-Schrader-Uhlenbrock estimate and a path integral formula for the trace of the heat operator.
Introduction
Many di¤usion processes such as heat flow or gas di¤usion are mathematically described by the heat equation
The operator H is typically of the form H ¼ D þ V where D ist the Laplace operator and V some potential. We use the sign convention that H be spectrally bounded from below, i.e. . Motivated by the microscopic picture of di¤usion one expects the solution U of (1) with given initial condition Uð0; xÞ ¼ uðxÞ to be given by a ''path integral'' of the form
Here C x ðR m ; tÞ is the set of all continuous paths g in R m parametrized on ½0; t starting at gð0Þ ¼ x. Moreover, EðgÞ denotes the energy of g, Dg is a suitable measure on C x ðR m ; tÞ, and Z is a normalizing constant.
Problems with a too naive approach to formula (2) are numerous: the space C x ðR m ; tÞ is infinite dimensional and the measure Dg does not exist, the energy is defined only for di¤erentiable paths which are expected not to contribute to the integral, and the normaliz- There is a huge literature on these topics, see e.g. [S] and [JL] and the references therein.
After replacing R m by a closed Riemannian manifold M formula (3) still holds. One should note however that often Wiener measure on a manifold is defined in such a way that (3) becomes tautological in case V ¼ 0. The Feynman-Kac formula for non-trivial V is then a rather simple consequence of the Trotter formula. In [AD] the authors approximate path space C x ðM; TÞ by finite dimensional spaces of geodesic polygons and obtain two approximations for Wiener measure. They di¤er by a scalar curvature term. We will come back to this. Corollary 1.9 in [AD] also gives a non-tautological path integral for H ¼ D by finite dimensional approximation.
In the present paper we are concerned with general self-adjoint Laplace type operators acting on sections in a vector bundle over M. So we allow for systems of equations rather than scalar equations only. Our main result is Theorem 3.5 where we give a path integral expression for solutions to the heat equation for such general operators by finite dimensional approximation. In case the potential V is scalar valued one could state the result formally as compare Corollary 3.6. Here tðgÞ denotes parallel translation along g. There are stochastic versions of this path integral using Wiener measure and stochastic parallel transport, see e.g. [DT] , Sec. 4.1.
Our technique allows us to derive di¤erent versions of the path integral formula. For example, one can remove the scalar curvature term in (4) if one uses another measure on the approximating spaces of geodesic polygons. This was remarked already in [AD] . We show that one can actually interpolate between the two formulas, compare Theorem 5.2.
Theorem 6.1 says that for suitable approximations even the heat kernels, i.e., the integral kernels of the solution operators for the heat equation, are uniformly approximated by the corresponding kernels obtained by integration over the spaces of geodesic polygons. As a consequence we find a very simple and natural proof of the HessSchrader-Uhlenbrock estimate for the heat kernel by the kernel of a scalar comparison operator. Moreover, we can express the trace of the heat operators by a path integral. Formally, Theorem 8.1 says in case V is scalar Here C cl ðM; tÞ denotes the space of closed continuous loops in M, parametrized on ½0; t, and holðgÞ is the holonomy of such a loop g.
Despite the heuristic formal expressions we have given in this introduction all results of the paper involve well-defined quantities only and the derivations are mathematically rigorous. Our technique of proof is based on the concept of Cherno¤ equivalence of families of operators in a version we learnt from [SWW2] . This allows one to organize the analysis in a quite transparent manner. The short time asymptotics of the heat kernel also play an important role.
The present article might be regarded as a sequel to [AD] but we do not use any of the results therein. The derivation of our general path integral formulas is entirely selfcontained. In [SWW2] , Thm. 3, quite general results on Feller semigroups are applied to conclude from path integral formulas like (4) that the associated measures on path space converge weakly to the Wiener measure. This reproves the approximation of Wiener measure in [AD] . The same methods would apply to our results in Section 5 to obtain other versions of this result.
In the stochastically oriented literature it is common to look at
This is the reason why we have a factor 1=3 in (4) where other works like [AD] have 1=6.
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Cherno¤ 's Theorem
In this section we give some definitions and collect some approximation results for semigroups of bounded operators, in particular Cherno¤ 's Theorem in the version of [SWW2] , Section 2. There is no claim of originality for this section. We include it for the convenience of the reader and to set up notation.
Throughout this section let X and Y be Banach spaces. Denote LðX ; Y Þ the space of bounded linear operators from X to Y , and let BðX Þ ¼ LðX ; X Þ be the space of bounded linear operators on X . For a proof see e.g. [RS] , Thm. III.9. Lemma 2.3. Let ðT n Þ nf1 H LðX ; Y Þ be an equicontinuous sequence of operators, and let K H X be a compact subset such that T n u ! n!y 0 for each u A K:
Then one has uniform convergence on K,
Proof. Suppose the opposite is true. Then there is an e > 0 such that for any n f 1 there exists a u n A K with kT n u n k f e. Since K is compact ðu n Þ nf1 converges, after passing to a subsequence, to some u y A K. By equicontinuity one gets a constant C > 0 with
The inverse triangle inequality yields
for large n, in contradiction to T n u y ! n!y 0. r Lemma 2.4. Let ðT n Þ nf1 be a sequence of operators in LðX ; Y Þ, let T y A LðX ; Y Þ, and let D H X be a dense subset. Then the following statements are equivalent:
(a) ðT n Þ nf1 converges strongly to T y , i.e., lim n!y T n u ¼ T y u for all u A X .
(b) ðT n Þ nf1 is equicontinuous and lim n!y T n u ¼ T y u for all u A D.
The conclusion ''(a) ) (b)'' is a direct consequence of the Banach-Steinhaus Theorem. The opposite conclusion is elementary. Definition 2.5. A map S : ½0; yÞ ! BðX Þ is called a proper family if the following holds:
(b) S is strongly continuous, i.e., for any u A X the map ½0; yÞ ! X given by t 7 ! S t u is continuous.
(d) There exists a (possibly unbounded) closed operator L in X with dense domain DðLÞ which is the generator of a strongly continuous semigroup ðe tL Þ tf0 on X such that
for all u A X of the form u ¼ e aL v with a > 0 and v A DðLÞ. This operator L will be denoted by DS. [Che] ) consists of the fact that we need not assume the S t to be contractions and the partitions T n need not be equidistant.
Theorem 2.8. Let ðS t Þ tf0 be a proper family of bounded linear operators on X with L ¼ DS. Consider partitions T n ¼ ðt n 1 ; . . . ; t n r n Þ, n f 1, with LðT n Þ ! t > 0 and jT n j ! 0 as n ! y. Then for any u A X one has
Proof. By (c) in Definition 2.5 there exists q > 0 such that kS t k e e qt for all su‰-ciently small t f 0. Now jT n j ! 0 as n ! y, hence for su‰ciently large n one gets Fix a > 0. We note that DðLÞ equipped with the graph norm kuk L ¼ kuk þ kLuk is a Banach space. With respect to this norm the operator 
By (6) and by LðT n Þ ! t there is a number C > 0 such that for all n one has
For any u A X this yields
To handle the right-hand side of (9) we apply (7) twice, once for the proper family ðS t Þ tf0 and once for the proper family ðe tL Þ tf0 . For u of the form u ¼ e aL v with v A DðLÞ and a > 0 we get
where b > 0 is chosen such that LðT n Þ À a e b for all n. Thus
Now we notice that s n 0 ¼ LðT n Þ ! t for n ! y and hence e s n 0 ÁL u ! e tL u for any u A X . Therefore we have shown the claim (5) for u ¼ e aL v with a > 0 and v A DðLÞ,
We observe that fe aL v j a > 0; v A DðLÞg H X is dense by Remark 2.6 (a) and that the operators T n :¼ S t n 1 Á Á Á S t n rn form an equicontinuous sequence ðT n Þ nf1 by (8). Applying Lemma 2.4 concludes the proof. r Definition 2.9. Two proper families S ¼ ðS t Þ t f 0 and
Two Cherno¤ equivalent families yield the same semigroup via the approximation (5) in Theorem 2.8. The next two lemmas give us su‰cient criteria for Cherno¤ equivalence.
Lemma 2.10. Let X be a Banach space, let ½0; yÞ ! BðX Þ, t 7 ! S t , be a proper family. Moreover, let ð0; yÞ ! BðX Þ, t 7 ! T t , be a strongly continuous family such that
Then putting T 0 :¼ id X yields a proper family ½0; yÞ ! BðX Þ, t 7 ! T t , which is Cherno¤ equivalent to the family ðS t Þ tf0 .
Proof. For fixed u A X we have kT t u À uk e kT t À S t k Á kuk þ kS t u À uk ! 0 as t & 0. Hence putting T 0 :¼ id X yields an extension of the family which is strongly continuous on ½0; yÞ.
From
kT t k À kS t k e kT t À S t k ¼ oðtÞ and kS t k ¼ 1 þ OðtÞ we conclude
This proves the claim. r
The following variation of the criterion for Cherno¤ equivalence can be found in [SWW2] , Lemma 1.
Lemma 2.11. Let X be a Banach space, let ðS t Þ tf0 , be a proper family of bounded operators on X with L ¼ DS. Moreover, let ðT t Þ t>0 , be a strongly continuous family of bounded operators on X such that Then putting T 0 :¼ id X yields a proper family ðT t Þ tf0 which is Cherno¤ equivalent to the family ðS t Þ tf0 .
Proof. For u of the form u ¼ e aL v with a > 0 we have
Thus kT t u À uk ! t&0 0 for all u in a dense subset of X . From kT t k ¼ 1 þ OðtÞ we see that the family ðT t Þ 0etee is equicontinuous. By Lemma 2.4 we have that t 7 ! T t is strongly continuous also at t ¼ 0. Hence conditions (a), (b), and (c) in Definition 2.5 are satisfied for the family ðT t Þ tf0 .
For u ¼ e aL v with v A DðLÞ we have
This proves the lemma. r
The main theorem
General assumption. From now on we adopt the following notation. Let M be an m-dimensional compact Riemannian manifold without boundary, let E ! M be a real or complex vector bundle, equipped with a Riemannian or Hermitian metric hÁ ; Ái respectively. For the necessary basics on Riemannian geometry we refer the reader to [Cha] .
By H we denote a formally self-adjoint generalized Laplace operator acting on sections in E. Here ''generalized Laplace operator'' means that the principal symbol of H is given by the Riemannian metric of M, i.e. in local coordinates we have,
qx j qx k þ lower order terms:
We assume that H has smooth coe‰cients. Formal self-adjointness means that for all smooth sections u and v in E 
where ' is a metric connection on E and V is a smooth section in symmetric endomorphisms of E, compare [BGV] , Prop. 2.5, p. 67. We call ' the connection determined by H and V its potential.
Example 3.1. The simplest example for H as described above is the LaplaceBeltrami operator H ¼ D acting on functions. Here E is the trivial real line bundle, ' ¼ d the usual derivative and V ¼ 0.
Then we may take the Hodge Laplacian H ¼ dd þ dd acting on k-forms. Here d denotes exterior differentiation and d its formal adjoint. The Weitzenbö ck formula says that H ¼ ' Ã ' þ V where ' is the Levi-Civita connection and V depends linearly on the curvature tensor of M. For example, for k ¼ 1 we have V ¼ Ric, see e.g. [Be] , Ch. 1.I. 
scal is a self-adjoint generalized Laplace operator.
More generally, the square of any generalized Dirac operator in the sense of Gromov and Lawson yields a self-adjoint generalized Laplacian, see e.g. [GL] , Sec. 1,2.
By functional calculus the self-adjoint extension of H generates a strongly continuous semigroup t 7 ! e ÀtH in the Hilbert space L 2 ðM; EÞ. For u A L 2 ðM; EÞ the section Uðt; xÞ :¼ ðe ÀtH uÞðxÞ, ðt; xÞ A ½0; yÞ Â M, is the unique solution to the heat equation
satisfying the initial condition Uð0; xÞ ¼ uðxÞ. The aim of this article is to derive a ''path integral formula'' for U.
Definition 3.4. Let T ¼ ðt 1 ; . . . ; t r Þ be a partition of length t. Put
The curve g is called a geodesic polygon in M with respect to T if any two subsequent points x j and x jþ1 are not cut-points of each other and gj ½s j ðTÞ; s jþ1 ðTÞ is the unique shortest geodesic joining them.
The assumption on x j and x jþ1 of not being cut-points is made to ensure uniqueness of the shortest geodesic joining x j and x jþ1 . Note in particular, that when restricted to one of the subintervals ½s j ðTÞ; s jþ1 ðTÞ, the curve g is smooth and parametrized proportionally to arc-length.
We denote the set of all geodesic polygons in M with respect to T by PðM; TÞ. For x; y A M we set P x ðM; TÞ :¼ fg A PðM; TÞ j gð0Þ ¼ xg; P y ðM; TÞ :¼ fg A PðM; TÞ j gðtÞ ¼ yg; and P y x ðM; TÞ :¼ fg A PðM; TÞ j gð0Þ ¼ x and gðtÞ ¼ yg ¼ P x ðM; TÞ X P y ðM; TÞ.
Moreover, the set of closed geodesic polygons is denoted by P cl ðM; TÞ :¼ S . The corresponding measures on these spaces will also be denoted by Dg.
Recall that the energy of a piecewise smooth curve g : ½0; t ! M is defined as
Parallel transport in E along g with respect to the connection ' will be denoted by tðg; Finally, we put
Now we can state the main result.
Theorem 3.5. Let M be an m-dimensional closed Riemannian manifold, let E be a vector bundle over M with a metric and a compatible connection '. Let H ¼ ' Ã ' þ V be a self-adjoint generalized Laplace operator acting on sections in E. Let t > 0.
Then for any sequence of partitions T n ¼ ðt n 1 ; . . . ; t n r n Þ with jT n j ! 0 and LðT n Þ ! t as n ! y and for any u A C 0 ðM; EÞ 1 ZðT n ; mÞ
converges uniformly in x.
The proof will be provided in the next section.
Corollary 3.6. If in addition to the assumptions in Theorem 3.5 the potential V ðxÞ is a scalar multiple of the identity for each x A M, then 1 ZðT n ; mÞ
ÀtH uðxÞ converges uniformly in x.
Proof of the corollary. If V is scalar, then all operators in the following integrals commute and we have
Theorem 3.5 implies the corollary. r
Proof of the main theorem
This section is devoted to the proof of Theorem 3.5. For t > 0 the operator e ÀtH has an integral kernel k t , i.e., For the proof we proceed by successively replacing the heat semigroup by Cherno¤ equivalent proper families. This will be done by suitably modifying the integral kernels.
We will apply the results from Section 2 for proper families S with DS ¼ ÀH on the Banach space X ¼ C 0 ðM; EÞ.
Our analysis of the solutions to the heat equation will be based on the precise understanding of the short time asymptotics of the heat kernel. To formulate the result let w : ½0; yÞ ! ½0; 1 be a monotonic smooth function being 1 near 0 and with support in Â 0; injradðMÞ 2 =4 Á . Here injradðMÞ denotes the injectivity radius of M. We have (see [BGV] , Thm. 2.30, p. 87) Theorem 4.1 (Heat kernel asymptotics). There exist smooth sections is asymptotic to the heat kernel k t ðx; yÞ in the sense that for all n > m 2 one has
Here E n E Ã denotes the exterior tensor product whose fiber over ðx;
Because of the cut-o¤ factor w À dðx; yÞ 2 Á the section ðx; yÞ 7 ! F j ðx; yÞ needs to be specified only for dðx; yÞ < injradðMÞ. In particular, in this case x and y are not cut-points of each other, thus there is a unique (up to reparametrization) shortest geodesic joining x and y. The function m measures the volume distortion of the Riemannian exponential map. In Riemannian normal coordinates about y we have mðx; yÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi detðg ij Þ p . The function m is smooth and positive on its domain fðx; yÞ A M Â M j x B C y g. Since detðd expÞ is smooth on all of TM and M is compact m is also bounded from above. Moreover, we have mðx; xÞ ¼ 1.
If dðx; yÞ < injradðMÞ let g x; y be a shortest geodesic joining x and y. The leading term F 0 ðx; yÞ is given by F 0 ðx; yÞ ¼ mðx; yÞ À1=2 Á tðg x; y ; 'Þ:
In particular, F 0 ðx; xÞ ¼ id. Since n À m=2 > 1 we have
The statement now follows from Lemma 2.10. r The following lemma will allow us to perform the next modifications.
Lemma 4.3 (Workhorse lemma). Let p t ðx; yÞ and q t ðx; yÞ A E x n E Ã y depend continuously on ðt; x; yÞ A ð0; yÞ Â M Â M. Denote the corresponding integral operators by P t and Q t respectively. We assume that P 0 :¼ id extends ðP t Þ t>0 to a proper family ðP t Þ tf0 in C 0 ðM; EÞ. Suppose there exist constants C; a; b f 0, b þ a=2 > 1, such that jp t ðx; yÞ À q t ðx; yÞj e C Á e t ðx; yÞ Á dðx; yÞ a Á t b for all 0 < t e t 0 and for all x; y A M where t 0 is some positive constant.
Then Q 0 :¼ id extends ðQ t Þ t>0 to a proper family ðQ t Þ tf0 in C 0 ðM; EÞ which is Cherno¤ equivalent to ðP t Þ tf0 .
Proof. By Lemma 2.10 it is su‰cient to show We fix x A M and consider Riemannian normal coordinates given by the Riemannian exponential map exp x : T x M ! M. Due to the cut-o¤ term in e t ðx; yÞ the integrand is supported in the region where exp x is a di¤eomorphism. For any u A C 0 ðM; EÞ we have 
Finally, since 1 þ
Lemma 4.3 with a ¼ 0 and b ¼ 2 yields the Cherno¤ equivalent proper family of integral operators with integral kernel b v t v t ðx; yÞ ¼ e t ðx; yÞ Á exp
Remark 4.8. Lemma 4.7 can be generalized as follows. Instead of mðx; yÞ À1=2 we fix L A R and we consider mðx; yÞ
Now the same proof yields a proper family with integral kernel e t ðx; yÞ Á mðx; yÞ
being Cherno¤ equivalent to the semigroup ðe ÀtH Þ tf0 .
4.6. Sixth modification. Finally, we remove the cut-o¤ term. Put for t > 0 and x; y A M, y B C x , ŵ w t ðx; yÞ :¼ ð4ptÞ Àm=2 Á exp À dðx; yÞ 
Since 1 À w À dðx; yÞ 2 Á ¼ 0 whenever dðx; yÞ 2 e e for some suitable e > 0 we get for small
The lemma follows. r 4.7. Conclusion of proof. As a consequence of Cherno¤ 's Theorem 2.8 we know that for any sequence of partitions T n ¼ ðt and any u A C 0 ðM; EÞ we haveŴ
uniformly as n ! y. We will study the operatorsŴ W t n 1 Á Á ÁŴ W t n rn in more detail. Consider the Riemannian manifold M r :¼ fðx 1 ; . . . ; x r Þ A M Â Á Á Á Â M j x jþ1 B C x j g equipped with the product metric. For fixed x 0 A M we may write, using the abbreviation X ¼ ðx 1 ; . . . ; x r n Þ and g j ¼ g
For any partition T ¼ ðt 1 ; . . . ; t r Þ we write as before s j ðTÞ ¼ t 1 þ Á Á Á þ t j . To x 0 A M and X ¼ ðx 1 ; . . . ; x r Þ A M r we associate the geodesic polygon g T x 0 ; X : ½0; LðTÞ ! M which, when restricted to the subinterval ½s jÀ1 ðTÞ; s j ðTÞ, is the shortest curve from x jÀ1 to x j , parametrized proportionally to arclength. In other words, we have g T x 0 ; X j ½s jÀ1 ðTÞ; s j ðTÞ ¼ g s jÀ1 ðTÞ; s j ðTÞ x jÀ1 ; x j . We get
The length of g T x 0 ; X restricted to the j th subinterval equals dðx jÀ1 ; x j Þ. Since the j th subinterval has length t j we have j _ g g T x 0 ; X j ¼ dðx jÀ1 ; x j Þ=t j on the j th subinterval. Hence the energy of g T x 0 ; X on the j th subinterval is 1 2
Plugging (21), (22), and (10) into (20) we get
Rewriting the integral over M r n as an integral over P x 0 ðM; T n Þ finishes the proof of Theorem 3.5. r
Alternative versions of the main theorem
It is not mandatory to perform all six modifications in the proof of Theorem 3.5. If we cancel the sixth modification we obtain Theorem 5.1. Let M be an m-dimensional closed Riemannian manifold, let E be a vector bundle over M with a metric and a compatible connection '. Let H ¼ ' Ã ' þ V be a self-adjoint generalized Laplace operator acting on sections in E. Let t > 0.
converges uniformly in x. r
Here the additional cut-o¤ term is defined as
Heuristically, this tells us that geodesic polygons having at least one ''long edge'' do not contribute to the path integral.
Using Remark 4.8 we can generalize Theorem 5.1 to Theorem 5.2. Let M be an m-dimensional closed Riemannian manifold, let E be a vector bundle over M with a metric and a compatible connection '. Let H ¼ ' Ã ' þ V be a self-adjoint generalized Laplace operator acting on sections in E. We fix L A R. Let t > 0.
Here, of course, the additional measure term is defined as
The choice L ¼ À1 is particularly interesting. In this case the scalar curvature term disappears and mðg; TÞ À1 Dg is the product measure of Euclidean volume measures induced by Riemannian normal coordinates. Let us denote this measure by Dg. Then we get Corollary 5.3. Let M be an m-dimensional closed Riemannian manifold, let E be a vector bundle over M with a metric and a compatible connection '. Let H ¼ ' Ã ' þ V be a self-adjoint generalized Laplace operator acting on sections in E. Let t > 0.
Then for any sequence of partitions T n ¼ ðt n 1 ; . . . ; t n r n Þ with jT n j ! 0 and LðT n Þ ! t as n ! y and for any u A C 0 ðM; EÞ 1 ZðT n ; mÞ Theorem 5.4. Let M be an m-dimensional closed Riemannian manifold, let E be a vector bundle over M with a metric and a compatible connection '. Let H ¼ ' Ã ' þ V be a self-adjoint generalized Laplace operator acting on sections in E. Let t > 0.
This generalizes [AD] , Corollary 1.9. Note that the factor of 1=6 in front of the scalar curvature has to be replaced by 1=12 in [AD] because there one considers the semigroup e 
Approximation of the heat kernel
Theorem 3.5 is an approximation result for the heat semigroup e ÀtH in the strong operator topology. We will now refine this by uniformly approximating the integral kernel k t ðx; yÞ of e ÀtH . According to the formula in Theorem 3.5 we define for any x; y A M and any partition T ¼ ðt 1 ; . . . ; t r Þ k T ðx; yÞ :¼ 1 ZðT; mÞ Now the statement of Theorem 3.5 is
uniformly in x provided jT n j ! 0, LðT n Þ ! t, and u A C 0 ðM; EÞ. We will improve this to the statement that k T n ! k t in C 0 ðM Â M; E n E Ã Þ, at least for suitable sequences of partitions T n .
Theorem 6.1. Let M be an m-dimensional closed Riemannian manifold, let E be a vector bundle over M with a metric and a compatible connection '. Let H ¼ ' Ã ' þ V be a self-adjoint generalized Laplace operator acting on sections in E. Denote the heat kernel of H by k t ðx; yÞ.
Given t > 0 there exists a sequence of partitions T n with LðT n Þ ¼ t and jT n j ! 0 such that
where k T n are defined in (24).
Proof. We fix t > 0 and e > 0. Given y A M the section (25), (26), and (27) we get kk t ðÁ; yÞ À k T ðÁ; yÞk C 0 ðMÞ e 3e:
By compactness of M the estimates can be made uniformly in y (compare Lemma 2.3) so that kk t À k T k C 0 ðMÂMÞ e 3e: r Remark 6.2. The proof shows that the sequence of partitions T n can be found as follows. First choose t r small enough (r itself is not specified yet), then choose T 0 ¼ ðt 1 ; . . . ; t rÀ1 Þ a su‰ciently fine partition of ½0; t À t r (now r is determined), then T ¼ ðT 0 ; t r Þ yields a good approximation for the heat kernel.
eigenvalues of V ðxÞ are bounded below by vðxÞ. LetH H be the ''comparison operator'' H H ¼ D þ v acting on functions. Let k t andk k t be the corresponding heat kernels.
The main result of [HSU] is the estimate jk t ðx; yÞj ek k t ðx; yÞ ð29Þ for all x; y A M and t > 0. This directly implies
Trðe
ÀtH Þ e Trðe ÀtH H Þ for all t > 0 and hence l 1 ðHÞ f l 1 ðH HÞ where l 1 denotes the smallest eigenvalue. For further applications see e.g. [B] , [Gr] .
The proof in [HSU] is based on a Kato inequality. We demonstrate here that (29) is a direct consequence of our path integral approximation for the heat kernel. Namely, for any partition T we have jk T ðx; yÞj e 1 ZðT; mÞ Now (29) follows directly from Theorem 6.1 and Remark 6.2.
A trace formula
Parallel transport (with respect to a connection ') along a closed loop g is called its holonomy. Note that the holonomy holðg; 'Þ depends on the base point of the loop only up to conjugation. Therefore tr À holðg; 'Þ Á is independent of the base point.
Theorem 8.1. Let M be an m-dimensional closed Riemannian manifold, let E be a vector bundle over M with a metric and a compatible connection '. Let H ¼ ' Ã ' þ V be a self-adjoint generalized Laplace operator acting on sections in E. Let the potential V be scalar.
Given t > 0 there exists a sequence of partitions T n with LðT n Þ ¼ t and jT n j ! 0 such that is rapidly decreasing as jxj ! y. Hence we may integrate by parts to get Ð 
